Exact solution of the one-dimensional super-symmetric t-J model with
  unparallel boundary fields by Zhang, Xin et al.
ar
X
iv
:1
31
2.
03
76
v2
  [
ma
th-
ph
]  
11
 M
ay
 20
14 Exact solution of the one-dimensional super-symmetric
t-J model with unparallel boundary fields
Xin Zhanga, Junpeng Caoa,b, Wen-Li Yangc,d, Kangjie Shic
and Yupeng Wanga,b 1
aBeijing National Laboratory for Condensed Matter Physics, Institute of Physics, Chinese
Academy of Sciences, Beijing 100190, China
bCollaborative Innovation Center of Quantum Matter, Beijing, China
cInstitute of Modern Physics, Northwest University, Xian 710069, China
dBeijing Center for Mathematics and Information Interdisciplinary Sciences, Beijing,
100048, China
Abstract
The exact solution of the one-dimensional super-symmetric t-J model under generic
integrable boundary conditions is obtained via the Bethe ansatz methods. With the
coordinate Bethe ansatz, the corresponding R−matrix and K−matrices are derived
for the second eigenvalue problem associated with spin degrees of freedom. It is found
that the second eigenvalue problem can be transformed into that of the transfer matrix
of the inhomogeneous XXX spin chain, which allows us to obtain the spectrum of
the Hamiltonian and the associated Bethe ansatz equations by the off-diagonal Bethe
ansatz method.
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1 Introduction
The t-J model is one of the most important models for describing the strongly correlated
electronic systems and especially for the high-Tc superconductivity [1, 2, 3]. The model is
in fact a large U limit of the well-known Hubbard model [4, 5, 6, 7, 8] and provides a non-
phonon mechanism for the high-Tc superconductivity [9, 10, 11]. Interestingly, the model
in one spatial dimension at the supersymmetric points 2t = ±J [12, 13, 14, 27] is exactly
solvable [15, 16, 17, 18]. Based on this observation, some important physical properties such
as the elementary excitations [19, 20, 21], correlation functions [22] and the thermodynamics
[23, 24, 25, 26] were studied by many authors. The model with diagonal boundary fields in
the spin sector (or in the charge sector with boundary chemical potentials) has been studied
extensively by the nested Bethe ansatz method [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37]
or the off-shell Bethe ansatz [38, 39]. Even the most general integrable boundary condition
(corresponding to the non-diagonal reflection matrix) was obtained in 1999 [40], however, an
interesting issue of the exact solution for generic integrable boundary conditions is still left
for this model.
In this paper, we study the exactly solvable t-J model with generic integrable boundary
fields. The Hamiltonian we shall consider is
H = −t
N−1∑
α,j=1
P[C†j,αCj+1,α + C
†
j+1,αCj,α]P
+2t
N−1∑
j=1
[~Sj · ~Sj+1 −
1
4
njnj+1] + ξ1n1
+2~h1 · ~S1 + ξNnN + 2~hN · ~SN , (1.1)
where N is the total number of sites; t is the hopping constant; P projects out double
occupancies; C†j,α and Cj,α are the creation and annihilation operators of electrons on the
j-th site with spin component α =↑, ↓; ~Sj =
1
2
∑
α,β C
†
j,α~σα,βCj,β are the spin operators
and ~σ are the Pauli matrices; nj,α are particle number operators; ~h1 = (h
x
1 , h
y
1, h
z
1) and
~hN = (h
x
N , h
y
N , h
z
N) are the boundary fields; ξ1 and ξN are the boundary chemical potentials.
In the following paper we shall show that for the proper choices of the boundary chemical
potentials, the model is exactly solvable for arbitrary boundary magnetic fields and give the
exact solution of the model.
The paper is organized as follows. In Section 2, we use the coordinate Bethe ansatz
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method to derive the corresponding the two-body scattering matrix (or R-matrix) [41] and
the reflection matrices (or K-matrices) due to the boundary interaction. In Section 3, we
transform the eigenvalue problem into that of the inhomogeneous XXX spin chain with
boundary fields, which allows us to apply the recently proposed off-diagonal Bethe ansatz
method [42, 43, 44] to solve it. The exact spectrum of the Hamiltonian and the Bethe ansatz
equations are thus obtained. Section 4 is attributed to the reduction to the parallel or anti-
parallel boundary case. As an application of our solution, the surface energy of the model
with parallel fields are given in Section 5. Concluding remarks are given in Section 6.
2 Coordinate Bethe ansatz
Due to the fact that the total number of electrons of the super-symmetric t-J model is
conserved, we construct the eigenstate of the Hamiltonian (1.1) as follows:
|Ψ〉 =
M∑
j=1
∑
αj=↑,↓
N∑
xj=1
Ψ{α}(x1, . . . , xM)
×C†x1,α1 · · ·C
†
xM ,αM
|0〉, (2.1)
where {α} = (α1, . . . , αM) and M is the total number of electrons. To exclude double
occupancy, we need to impose the following condition on the wave function
Ψ{α}(. . . , x, . . . , x, . . .) ≡ 0. (2.2)
This eigenvalue equation can be rewritten as
−t
M∑
j=1
[(1− δxj ,N)Ψ
{α}(. . . , xj + 1, . . .) + (1− δxj ,1)Ψ
{α}(. . . , xj − 1, . . .)]
+
M∑
j=1
∑
βj=↑,↓
[δxj ,1(ξ1 +
~h1 · ~σαj ,βj) + δxj ,N(ξN +
~hN · ~σαj ,βj)]Ψ
{α}j (x1, . . . , xM)
−t
N−1∑
j=1
M∑
l=1
M∑
k 6=l
δxl,jδxk,j+1δαl,−αk [Ψ
{α}(. . . , xl, . . . , xk, . . .) + Ψ
{α}(. . . , xk, . . . , xl, . . .)]
= E Ψ{α}(x1, . . . , xM), (2.3)
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where {α}j means αj is replaced by βj in the set {α}. Suppose the wave function taking the
following Bethe ansatz form [41]:
Ψ{α}(x1, . . . , xM) =
∑
P,Q,r
A
{α},r
P (Q) exp[i
M∑
j=1
rPjkPjxQj ]
×θ(xQ1 < xQ2 < · · · < xQM ), (2.4)
where Q = (Q1, . . . , QM) and P = (P1, . . . , PM) are the permutations of (1, . . . ,M); r =
(r1, . . . , rM) with rj = ±; θ(x1 < . . . < xM ) is the generalized step function. For xj 6= 1, N ,
xi 6= 1, N , and |xi − xj | > 1, the corresponding eigenvalue is
E = −2t
M∑
j=1
cos kj . (2.5)
When two electrons occupy two adjacent sites, namely, xQj = xQj+1 − 1 = x and x 6= 1, N ,
the Schro¨dinger equation (2.3) becomes
[1 + eirPj kPj+irPj+1kPj+1 − (1− Pj,j+1)e
irPj+1kPj+1 ]ArP (Q)
+[1 + eirPjkPj+irPj+1kPj+1 − (1− Pj,j+1)e
irPj kPj ]Ar
′
P ′(Q) = 0, (2.6)
with P ′ = (. . . , Pj+1, Pj, . . .) ,Q
′ = (. . . , Qj+1, Qj, . . .) and r
′ = (. . . , rj+1, rj, . . .). It is
remarked that we have omitted the superscript {α} and treated ArP (Q) as a column vector
in the spin space. For convenience, let us introduce the permutation operators P¯i,j and Pi,j
in the coordinate and spin sectors, respectively.
P¯j,j+1A
r
P (Q) = A
r
P (Q
′). (2.7)
Since the wave function of fermions is completely antisymmetric, we have
− Pj,j+1A
r
P (Q) = A
r
P (Q
′), (2.8)
and
ArP (Q) = S(rPjλPj , rPj+1λPj+1)A
r′
P ′(Q
′). (2.9)
After introducing a new parametrization
eikj =
λj −
i
2
λj +
i
2
, (2.10)
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we obtain the following S−matrix
S(λj, λk) = S(λj − λk) =
λj − λk + iPj,k
λj − λk + i
. (2.11)
The S−matrix possesses the following property:
S(λ)−1 = S(−λ).
Now we consider the case of xQ1 = 1, xQ2 6= 2. In this case, the eigenvalue equation becomes
−tΨ{α}(2, . . .) +
∑
β1
(ξ1 + ~h1 · ~σα1,β1)Ψ
{α}1(1, . . .)
= −2t cos kP1Ψ
{α}(1, . . .). (2.12)
This induces
∑
β1
(ξ1 + ~h1 · ~σα1,β1)Ψ
{α}1(1, . . .)
= −tΨ{α}(0, . . .), (2.13)
or
A
(+,...)
P (Q) = −[t + (ξ1 +
~h1 · ~σP1)e
ikP1 ]−1
×[t + (ξ1 + ~h1 · ~σP1)e
−ikP1 ]A
(−,...)
P (Q)
= K¯+P1(kP1)A
(−,...)
P (Q). (2.14)
With the identity
(~h1 · ~σ)
2 = ~h21, (2.15)
one readily obtains
K¯+(k) = −
t2+ξ21−
~h21+2ξ1t cos k−2it sin k
~h1 · ~σ
(t+ ξ1eik)2 −~h
2
1e
2ik
, (2.16)
and in terms of the new parameters λ (2.10) the K-matrix is given by
K¯+(λ) = −
λ + i
2
λ− i
2
[
[(t+ ξ1)λ+
i
2
(t− ξ1)]
2 − (λ−
i
2
)2~h21
]−1
×
[
(t2 + ξ21 −
~h21)(λ
2 +
1
4
) + 2ξ1t(λ
2 −
1
4
) + 2iλt~h1 · ~σ
]
. (2.17)
5
For the case of xQM = N , xQM−1 6= N − 1, the eigenvalue equation is
−tΨ{α}(. . . , N−1)+
∑
βM
(ξN+~hN · ~σαM ,βM )Ψ
{α}M(. . . , N)
= −2t cos kPMΨ
{α}(. . . , N). (2.18)
This induces
∑
βM
(ξN + ~hN · ~σαM ,βM )Ψ
{α}M (. . . , N) = −tΨ{α}(. . . , N + 1), (2.19)
or
A
(...,−)
P (Q) = −e
2ikPMN [te−ikPM + (ξN + ~hN · ~σPM )]
−1
×[teikPM + (ξN + ~hN · ~σPM ))]A
(...,+)
P (Q)
= e2ikPMNK¯−PM (kPM )A
(...,+)
P (Q), (2.20)
with
K¯−(k)=−
t2+ξ2N−
~h2N+2ξNt cos k−2it sin k
~hN · ~σ
(te−ik + ξN)2 −~h2N
, (2.21)
and in terms of the new parameter λ (2.10) it reads
K¯−(λ) = −
λ− i
2
λ+ i
2
[
[(t+ ξN)λ+
i
2
(t− ξN)]
2 − (λ−
i
2
)2~h2N
]
×
[
(t2 + ξ2N −
~h2N )(λ
2 +
1
4
) + 2ξNt(λ
2 −
1
4
) + 2iλt~hN · ~σ
]
. (2.22)
For the cases of xQ1 = 1, xQ2 = 2 and xQM−1 = N − 1, xQM = N , one may check that
(2.3) is self-consistent with the solutions of S-matrix and K-matrices. The S-matrix and
K-matrices allows us to construct the following relations
A(...,+,...) = Sj−1,j(kj−1, kj) · · ·S1,j(k1, kj)A
(+,...),
A(+,...) = K¯+j (kj)A
(−,...),
A(−,...) = Sj,1(−kj, k1) · · ·Sj,j−1(−kj , kj−1)
×Sj,j+1(−kj , kj+1) · · ·Sj,M(−kj , kM)A
(...,−),
A(...,−) = e2ikjNK¯−j (kj)A
(...,+),
A(...,+) = SM,j(kM , kj) · · ·Sj+1,j(kj+1, kj)A
(...,+,...).
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In terms of the parameter λ (2.10), the above relations give rise to the following eigenvalue
problem:
τ¯ (λj)A
(...,+,...) = (
2λj − i
2λj + i
)−2NA(...,+,...), (2.23)
with the resulting operator
τ¯(u) = Sj−1,j(λj−1, u) · · ·S1,j(λ1, u)K¯
+
j (u)
×Sj,1(−u, λ1) · · ·Sj,j−1(−u, λj−1)
×Sj,j+1(−u, λj+1) · · ·Sj,M(−u, λM)K¯
−
j (u)
×SM,j(λM , u) · · ·Sj+1,j(λj+1, u)
= Sj−1,j(λj−1 − u) · · ·S1,j(λ1 − u)K¯
+
j (u)
×Sj,1(−u− λ1) · · ·Sj,j−1(−u − λj−1)
×Sj,j+1(−u− λj+1) · · ·Sj,M(−u− λM)K¯
−
j (u)
×SM,j(λM − u) · · ·Sj+1,j(λj+1 − u). (2.24)
To ensure the integrability of the model, namely, to assure that the resulting operator with
different values of u commute with each other: [τ¯ (u), τ¯(v)] = 0, the correspondingK-matrices
K¯±(u) have to satisfy the following reflection equation [45]
S1,2(u1 − u2)K¯
±
1 (u1)S1,2(u1 + u2)K¯
±
2 (u2)
= K¯±2 (u2)S1,2(u1 + u2)K¯
±
1 (u1)S1,2(u1 − u2), (2.25)
which induces the following integrable conditions of the model
(t + ξ1)
2 = ~h21, (t + ξN)
2 = ~h2N . (2.26)
Under this restriction, the reflection matrices become
K¯−(λ) =
2λ− i
2λ+ i
ξN − 2iλ~hN · ~σ
ξN + 2iλ(t+ ξN)
, (2.27)
K¯+(λ) =
2λ+ i
2λ− i
ξ1 − 2iλ~h1 · ~σ
ξ1 + 2iλ(t + ξ1)
. (2.28)
Similarly as that of the Hubbard model with arbitrary boundary magnetic fields [46], in our
case the eigenvalue problem (2.23) can be transformed into that of the transfer matrix of
the inhomogeneous XXX spin chain model with arbitrary boundary fields and thus can be
solved via the off-diagonal Bethe ansatz [42, 43, 44].
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3 Off-diagonal Bethe ansatz
Before going further, let us introduce the following R-matrix and K-matrices:
R0,j(u) = u+ ηP0,j, (3.1)
K−0 (u) = p+ u
~hN · ~σ0, (3.2)
K+0 (u) = q − (u+ η)
~h1 · ~σ0, (3.3)
where
η = i, p =
ξN
2i
, q = −
ξ1
2i
.
We remark that theK-matrices (3.2)-(3.3) are the most general reflection matrices associated
the XXX spin chain [47, 48]. The R−martrix has the following properties:
Initial condition : R1,2(0) = ηP1,2, (3.4)
Unitarity relation : R1,2(u)R1,2(−u) = −(u+η)(u−η) id, (3.5)
Crossing relation : R12(u)=V1R
t2
12(−u−η)V1, V = −iσ
y. (3.6)
The following Yang-Baxter equation, the reflection equation and the dual reflection equation
also hold:
R0,0′(u− v)R0,1(u)R0′,1(v) = R0′,1(v)R0,1(u)R0,0′(u− v), (3.7)
R0,0′(u− v)K
−
0 (u)R0,0′(u+ v)K
−
0′ (v) = K
−
0′ (v)R0,0′(u+ v)K
−
0 (u)R0,0′(u− v), (3.8)
R0,0′(v − u)K
+
0 (u)R0,0′(−u − v − 2η)K
+
0′ (v)
= K+0′ (v)R0,0′(−u− v − 2η)K
+
0 (u)R0,0′(v − u). (3.9)
We introduce the inhomogeneous double-row monodromy matrix
T0(u) = R0,1(u− λ1) · · ·R0,M(u− λM)K
−
0 (u)
×RM,0(u+ λM) · · ·R1,0(u+ λ1), (3.10)
and the associated transfer matrix τ(u) is given by [45]
τ(u) = tr0
{
K+0 (u)T0(u)
}
. (3.11)
From (3.7), (3.8) and (3.9) one may derive
R0,0′(u− v)T0(u)R0,0′(u+ v)T0′(v) = T0′(v)R0,0′(u+ v)T0(u)R0,0′(u− v), (3.12)
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and thus the transfer matrices with different spectrum parameters commute with each other,
[τ(u), τ(v)] = 0, (3.13)
which ensures the integrability of the associated spin chain. Let u = −λj , using the initial
condition (3.4) and Yang-Baxter equation (3.7) we can express the transfer matrix at special
point in terms of the K-matrices and the R-matrix
τ(−λj) = Rj−1,j(λj−1 − λj) . . . R1,j(λ1 − λj)
× tr0
{
K+0 (−λj)R0,j(−2λj)R0,j(0)
}
×Rj,1(−λj − λ1) . . . Rj,j−1(−λj − λj−1)
×Rj,j+1(−λj − λj+1) . . . Rj,M(−λj − λM)
×K−j (λj)RM,j(λM−λj) . . . Rj+2,j(λj+2−λj)
×Rj+1,j(λj+1 − λj). (3.14)
Noticing that
Sj,l(λj, λl) =
Rj,l(λj − λl)
λj − λl + η
, (3.15)
Sj,l(−λj , λl) =
Rj,l(−λj − λl)
−λj − λl + η
, (3.16)
K¯−j (λj) =
2λj − η
2λj + η
K−j (−λj)
p+ λj(t + ξN)
, (3.17)
K¯+j (λj) = −
tr0
{
K+0 (−λj)R0,j(−2λj)R0,j(0)
}
2η(λj − η)[q − λj(t + ξ1)]
2λj + η
2λj − η
, (3.18)
we have the following important identification between the operators {τ¯ (λj)} given by (2.24)
appeared in the eigenvalue problem of the super-symmetric t-J model with boundary fields
and the transfer matrices {τ(λj)} of the open XXX spin chain with boundary fields
τ¯ (λj) =
M∏
l 6=j
(λj − λl − η)
−1(λj + λl − η)
−1 1
2η(λj − η)
×
τ(−λj)
[p+ λj(t+ ξN)][−q + λj(t+ ξ1)]
. (3.19)
The eigenvalue problem (2.23) is thus equivalent to that of diagonalizing the transfer matrix
of the inhomogeneous open XXX chain model with boundary fields. Here we naturally have
the “inhomogeneous” parameters λj which is related to the quasi-momentum (2.10) of the
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electrons and the crossing parameter η = i. Thanks to the works [42, 43, 44], the transfer
matrix (3.11) of the open XXX chain with arbitrary boundary fields which is specified by the
K-matrices K±(u) (3.2) and (3.3) can be exactly diagonalized by off-diagonal Bethe ansatz
method. In the following, we shall use the method in [44] to solve the eigenvalue problem
(2.23) of the super-symmetric t-J model with general boundary fields. Suppose |Ψ〉 is an
eigenstate of τ(u) and the corresponding eigenvalue is Λ(u)
τ(u)|Ψ〉 = Λ(u)|Ψ〉. (3.20)
Following the method in [44], we find that Λ(u) possesses the following properties:
Λ(u) = Λ(−u− η), (3.21)
Λ(0) = 2pq
M∏
l=1
−(λl − η)(λl + η), (3.22)
Λ(u)∼ −2~h1 · ~hNu
2M+2 + · · · , u→ ±∞, (3.23)
Λ(λj)Λ(λj − η)=
4(λ2j − η
2)
4λ2j − η
2
(q2 − λ2j
~h21)(p
2 − λ2j
~h2N)
×
M∏
l=1
[(λj+λl)
2−η2][(λj−λl)
2−η2], j = 1, 2, 3 . . . ,M. (3.24)
Moreover, the explicit expressions (3.1)-(3.3) of the R-matrix and K-matrices implies that
Λ(u), as a function of u, is a polynomial of degree 2M + 2, hence Λ(u) can be completely
determined by (3.21)-(3.24).
For convenience, we introduce the following notations
A(u) =
M∏
l=1
(u− λl + η)(u+ λl + η), (3.25)
a(u) =
2u+ 2η
2u+ η
[p + usgn(~h1 · ~hN)|~hN |]
×(q − u|~h1|)A(u), (3.26)
d(u) = a(−u− η), (3.27)
c = 2[sgn(~h1 · ~hN)|~h1||~hN | −~h1 · ~hN ]. (3.28)
3.1 Even M case
As in [44], we make the following functional T −Q ansatz for an even M :
Λ(u) = a(u)
Q1(u− η)
Q2(u)
+ d(u)
Q2(u+ η)
Q1(u)
+ cu(u+ η)
A(u)A(−u− η)
Q1(u)Q2(u)
, (3.29)
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where the functionsQ1(u) andQ2(u) are parameterized byM Bethe roots {µj|j = 1, . . . ,M)}
for a generic non-vanishing c as follows
Q1(u) =
M∏
j=1
(u− µj), Q2(u) =
M∏
j=1
(u+ µj + η) = Q1(−u− η). (3.30)
Λ(u) becomes the eigenvalue of the transfer matrix τ(u) if the parameters {µj|j = 1, . . . ,M}
satisfies the following Bethe ansatz equations:
c (µj + η)(2µj + η)
2[p− (µj + η) sgn(~h1 · ~hN)|~hN |][q + (µj + η)|~h1|]
= −
M∏
l=1
(µj + µl + η)(µj + µl + 2η)
(µj − λl + η)(µj + λl + η)
, j = 1, . . . ,M, (3.31)
With the identification (3.19), we get the other Bethe ansatz equations
[p− λjsgn(~h1 · ~hN)|~hN |](q + λj|~h1|)
[p + λj(t+ ξN)][q − λj(t + ξ1)]
(
2λj − η
2λj + η
)2N
=
M∏
l=1
λj − µl − η
λj + µl + η
, j = 1, . . . ,M. (3.32)
Then from the solutions of the Bethe ansatz equations (3.31) and (3.32), one can reconstruct
the exact wave functions (2.4) with even number of electrons for the super-symmetric t-J
model with boundary fields, the corresponding eigenvalues are given by (2.5).
3.2 Odd M case
For an odd N , we make the following functional T −Q ansatz
Λ(u) = a(u)
Q1(u− η)
Q2(u)
+ d(u)
Q2(u+ η)
Q1(u)
+ cu2(u+ η)2
A(u)A(−u− η)
Q1(u)Q2(u)
, (3.33)
where the functions a(u), d(u) and A(u) and the parameter c are given by (3.25)-(3.28)
respectively. The functions Q1(u) and Q2(u) are parameterized by M + 1 Bethe roots
{µj|j = 1, . . . ,M + 1} for a generic non-vanishing c as follows:
Q1(u) =
M+1∏
j=1
(u− µj), Q2(u) =
M+1∏
j=1
(u+ µj + η) = Q1(−u− η). (3.34)
The M quasi-momentum {kj} (or {λj}) and the M + 1 parameters {µj|j = 1, . . . ,M + 1}
need to satisfy the following Bethe ansatz equations:
[p− λjsgn(~h1 · ~hN)|~hN |](q + λj|~h1|)
[p+ λj(t+ ξN)][q − λj(t+ ξ1)]
(
2λj − η
2λj + η
)2N =
M+1∏
l=1
λj − µl − η
λj + µl + η
, j = 1, . . . ,M, (3.35)
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cµj(µj + η)
2(2µj + η)
2[p− (µj + η)sgn(~h1 · ~hN )|~hN |][q + (µj + η)|~h1|]
= −
∏M+1
l=1 (µj + µl + η)(µj + µl + 2η)∏M
l=1(µj − λl + η)(µj + λl + η)
, j = 1, . . . ,M + 1. (3.36)
Then from the solutions of the Bethe ansatz equations (3.35) and (3.36), one can reconstruct
the exact wave functions (2.4) with odd number of electrons for the super-symmetric t-J
model with boundary fields, the corresponding eigenvalues are given by (2.5)
4 Reduction to the parallel boundary case
When the two boundary fields ~h1 and ~hN are parallel or anti-parallel, the parameter c is
vanishing. The resulting T −Q relation becomes the conventional one
Λ(u) = a(u)
Q(u− η)
Q(u)
+ d(u)
Q(u+ η)
Q(u)
, (4.1)
with
Q(u) =
m∏
l=1
(u− γl)(u+ γl + η) = Q(−u − η), m = 0, 1, · · · ,M. (4.2)
Parameter {γj} and quasi-momentum {λj} satisfy the following Bethe ansatz equations:
[p− λjsgn(~h1 · ~hN )|~hN |](q + λj |~h1|)
[p+ λj(t + ξN)][q − λj(t+ ξ1)]
(
2λj − η
2λj + η
)2N
=
m∏
l=1
(λj − γl − η)(λj + γl)
(λj + γl + η)(λj − γl)
, j = 1, . . . ,M, (4.3)
γj[p− (γj + η)sgn(~h1 · ~hN)|~hN |][q + (γj + η)|~h1|]
(γj + η)[p+ γjsgn(~h1 · ~hN )|~hN |](q − γj|~h1|)
×
M∏
l=1
(γj + λl)(γj − λl)
(γj − λl + η)(γj + λl + η)
= −
m∏
l=1
(γj−γl−η)(γj+γl)
(γj−γl+η)(γj+γl+2η)
, j = 1, . . . , m. (4.4)
Then from the solutions of the Bethe ansatz equations (4.3) and (4.4), one can reconstruct
the exact wave functions (2.4) for the super-symmetric t-J model with parallel or anti-parallel
boundary fields, the corresponding eigenvalues are given by (2.5).
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5 Surface energy
As an application of our exact solution of the supersymmetry t-J model with boundary fields,
here we study the surface energy of the supersymmetry t-J model with parallel boundary
fields 2. In the interesting paper [29], Essler calculated the surface energy for this particular
case. Here we only list the main results and we refer the reader to [29] for more details. Let
us introduce a new parameter
θj = γj +
η
2
. (5.1)
5.1 The case of t+ ξN = −|~hN | and t+ ξ1 = −|~h1|
In this case, the functions (4.3) and (4.4) become
(
λj −
η
2
λj +
η
2
)2N =
m∏
l=1
λj − θl −
η
2
λj − θl +
η
2
λj + θl −
η
2
λj + θl +
η
2
, j = 1, 2, . . . ,M, (5.2)
and
θj −
η
2
θj +
η
2
θj − cη
θj + cη
θj − dη
θj + dη
M∏
l=1
θj + λl −
η
2
θj + λl +
η
2
θj − λl −
η
2
θj − λl +
η
2
= −
m∏
l=1
θj − θl − η
θj − θl + η
θj + θl − η
θj + θl + η
, j = 1, 2, . . . , m, (5.3)
where
c = −
ξN
2|~hN |
−
1
2
, d = −
ξ1
2|~h1|
−
1
2
. (5.4)
The logarithm of equations (5.2) and (5.3) are
2N ln
λj −
η
2
λj +
η
2
=
m∑
l=1
{
ln
λj − θl −
η
2
λj − θl +
η
2
+ ln
λj + θl −
η
2
λj + θl +
η
2
}
+ 2πηIj, j = 1, 2, . . . ,M, (5.5)
and
ln
θj −
η
2
θj +
η
2
+ ln
θj − cη
θj + cη
+ ln
θj − dη
θj + dη
+
M∑
l=1
{
ln
θj + λl −
η
2
θj + λl +
η
2
+ ln
θj − λl −
η
2
θj − λl +
η
2
}
= πη +
m∑
l=1
{
ln
θj − θl − η
θj − θl + η
+ ln
θj + θl − η
θj + θl + η
}
+ 2πηI ′j, j = 1, 2, . . . , m, (5.6)
2The generalization to the case of the generic non-diagonal boundary is nontrivial even for the XXX open
spin chain case [49, 50].
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where Ij and I
′
j are integers. In the thermodynamic limit {λj} and {θj} distribute with
densities ρ(λ) and σ(θ) respectively. Due to the fact that λj = 0 and θj = 0 are the solution
of (5.2) and (5.3) and they make the wave-function vanishing, they should be excluded,
namely, the densities corresponding to the ground state in thermodynamic limit are [51, 52]
ρ(λ) =
1
2N
dI
dλ
−
1
2N
δ(λ), σ(θ) =
1
2N
dI ′
dθ
−
1
2N
δ(θ). (5.7)
and ρ(λ) = ρ(−λ), σ(θ) = σ(−θ).
Let us firstly consider the case: t > 0, which is corresponding to c > 0 and d > 0. Taking
the derivative of (5.5) and (5.6), we have
a1(λ)−
1
2N
δ(λ) =
∫ ∞
−∞
a1(λ− x)σ(x)dx+ ρ(λ), (5.8)
and
1
2N
[a1(θ) + a2c(θ) + a2d(θ)] +
∫ ∞
−∞
a1(θ − y)ρ(y)dy
=
∫ ∞
−∞
a2(θ − y)σ(θ)dy + σ(θ) +
1
2N
δ(θ). (5.9)
Here the function an(z) is defined by
an(z) =
1
2π
n
z2 + n
2
4
, n > 0. (5.10)
Using the Fourier expansion
f˜(ω) =
∫ ∞
−∞
eiωxf(x)dx, f(x) =
1
2π
∫ ∞
−∞
e−iωxf˜(ω)dω, (5.11)
(5.8) and (5.9) become
a˜1(ω)−
1
2N
= a˜1(ω)σ˜(ω) + ρ˜(ω), (5.12)
and
1
2N
[a˜1(ω) + a˜2c(ω) + a˜2d(ω)− 1] = [a˜2(ω) + 1]σ˜(ω)− a˜1(ω)ρ˜(ω), (5.13)
where
a˜n(ω) = e
−n
2
|ω|, n > 0. (5.14)
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Solving equations (5.12) and (5.13) yields that
ρ˜(ω) =
1
2a˜2(ω) + 1
[(a˜2(ω) + 1)a˜1(ω)− C(ω)], (5.15)
C(ω) =
1
2N
[a˜2(ω) + 1 + a˜1(ω)(a˜1(ω) + a˜2c(ω) + a˜2d(ω)− 1)]. (5.16)
For the periodic t-J model, C(ω) is vanishing, the number of electrons in the ground state is
M = N
∫ ∞
−∞
ρ(λ)dλ =
N
2π
∫ ∞
−∞
∫ ∞
−∞
ρ˜(ω)e−iωλdωdλ
= Nρ˜(0) =
2
3
N (5.17)
and the ground state energy in the thermodynamic limit is
E0g = −2t
M∑
j=1
λ2j −
1
4
λ2j +
1
4
= −2Nt
∫ ∞
−∞
ρ(λ)
λ2 − 1
4
λ2 + 1
4
dλ
= −2Nt
∫ ∞
−∞
ρ˜(ω)[δ(ω)−
1
2
a˜1(ω)]dω
= −
1
3
Nt +
ln 3
2
Nt. (5.18)
For the t-J model with open boundary condition, we find that there is no boundary strings
and that C(w) given by (5.16) does not vanish. Then the ground state energy in the ther-
modynamic limit is
Eg = −2t
M∑
j=1
λ2j −
1
4
λ2j +
1
4
= −2Nt
∫ ∞
−∞
ρ(λ)
λ2 − 1
4
λ2 + 1
4
dλ
= −2Nt
∫ ∞
−∞
ρ˜(ω)[δ(ω)−
1
2
a˜1(ω)]dω
= E0g + 2Nt
∫ ∞
−∞
C(ω)
2a˜2(ω) + 1
[δ(ω)−
1
2
a˜1(ω)]dω
= E0g +
ln 3
2
t−
2
3
t− Bct− Bdt, (5.19)
with
Bp>−1 =
∫ 1
0
xp
2x+ 1
dx =
∫ 1
2
0
xp
2x+ 1
dx+
∫ 1
1
2
1
2
xp−1
1 + 1
2x
dx
=
∫ 1
2
0
∞∑
n=0
(−1)n2nxn+pdx+
∫ 1
1
2
∞∑
n=0
(−1)n
1
2n+1
xp−1−ndx
=
∞∑
n=0
(−1)n
1
2p+1
1
p+ n + 1
+
∞∑
n=0
(1− δp,n)(−1)
n(
1
2n+1
−
1
2p+1
)
1
p− n
+δp,n(−1)
p 1
2p+1
ln 2. (5.20)
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For the case of t < 0, which is corresponding to c < 0 and d < 0 (5.19) is given by
Eg = E
0
g +
ln 3
2
t− 2t+B|c|t+B|d|t. (5.21)
The surface energy is
Esurf = Eg − E
0
g =
ln 3
2
t +
1
3
[sgn(c) + sgn(d)− 4]t
−sgn(c)B|c|t− sgn(d)B|d|t. (5.22)
5.2 The case of t+ ξN = |~hN | and t+ ξ1 = −|~h1|
In this case, the Bethe ansatz equation (5.2) will become
(
λj −
η
2
λj +
η
2
)2N = −
λj − gη
λj + gη
m∏
l=1
λj − θl −
η
2
λj − θl +
η
2
λj + θl −
η
2
λj + θl +
η
2
,
j = 1, 2, . . . ,M, (5.23)
with
g =
ξN
2|~hN |
. (5.24)
We find that now there does exist a boundary string located at λ0 = gη in the thermody-
namics limit when ξN > 0. Suppose that the density of λ and θ in the state with boundary
string are ρ¯(λ) and σ¯(θ) and the density of λ and θ in the state without boundary string are
ρ(λ) and σ(θ), thus we have
a1(λ)−
1
2N
δ(λ) =
∫ ∞
−∞
a1(λ− x)σ¯(x)dx+ ρ¯(λ) +
1
2N
a2g(λ), (5.25)
and
1
2N
[a1(θ) + a2c(θ) + a2d(θ)] +
∫ ∞
−∞
a1(θ − y)ρ¯(y)dy +
1
2N
[a1(θ + λ0) + a1(θ − λ0)]
=
1
2N
δ(θ) + σ¯(θ) +
∫ ∞
−∞
a2(θ − y)σ¯(θ)dy. (5.26)
Then we have ∫ ∞
−∞
a1(λ− x)δσ(x)dx+ δρ(λ) = 0, (5.27)
∫ ∞
−∞
a2(θ − y)δσ(y)dy + δσ(θ)−
∫ ∞
−∞
a1(θ − y)δρ(y)dy
=
1
2N
[a1(θ + λ0) + a1(θ − λ0)], (5.28)
16
with
δρ(λ) = ρ¯(λ)− ρ(λ), δσ(θ) = σ¯(θ)− σ(θ).
Using the Fourier expansion, we have
a˜1(ω)δσ˜(ω) + δρ˜(ω) = 0, (5.29)
[a˜2(ω) + 1]δσ˜(ω)− a˜1(ω)δρ˜(ω) =
1
2N
A(ω), (5.30)
with A(ω) = a˜2g+1(ω) − a˜2g−1(ω) if g >
1
2
and A(ω) = a˜1−2g(ω) + a˜2g+1(ω) if 0 < g <
1
2
.
Solving equations (5.29) and (5.30) gives rise to that
δρ˜(ω) = −
1
2N
a˜1(ω)A(ω)
2a˜2(ω) + 1
. (5.31)
When g > 1
2
, which is corresponding to t < 0, the difference between the energy of the state
with the string and Eg is
∆E1 =−2Nt
∫ ∞
−∞
δρ˜(ω)[δ(ω)−
1
2
a˜1(ω)]dω − 2t
λ20 −
1
4
λ20 +
1
4
=−2t−
t
g2 − 1
4
+ tBg− 1
2
− tBg+ 1
2
> 0. (5.32)
When 0 < g < 1
2
, which is corresponding to t > 0, the difference between the energy of the
state with the string and Eg is
∆E2 =−2Nt
∫ ∞
−∞
δρ˜(ω)[δ(ω)−
1
2
a˜1(ω)]dω − 2t
λ20 −
1
4
λ20 +
1
4
=−
4
3
t+
t
1
4
− g2
− tB 1
2
−g − tB 1
2
+g > 0. (5.33)
We can obtain the similar result when t + ξN = −|~hN | and t + ξ1 = |~h1|, which shows that
the correct ground state contains only real roots when the two boundary fields ~h1 and ~hN
are parallel. The surface energy in this case is given by
Esurf =
ln 3
2
t +
1
3
[2sgn(g) + sgn(c) + sgn(d)− 4]t
−[sgn(c)B|c| − sgn(d)B|d| + sgn(g)B|g|− 1
2
+sgn(g)B|g|+ 1
2
]t. (5.34)
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6 Conclusion
The one-dimensional super-symmetric t-J model with unparallel boundary magnetic fields
described by the Hamiltonian (1.1) is studied by combining the coordinate Bethe ansatz and
off-diagonal Bethe ansatz methods. With the coordinate Bethe ansatz, eigen-functions of the
Hamiltonian of the model are given in terms of some quasi-momentum {kj} as (2.4). The
constraints (2.23) on these quasi-momentum is transformed into the eigenvalues problem of
the resulting transfer matrix of the associated open XXX spin chain with arbitrary bound-
ary fields. The second eigenvalue problem is then solved via the off-diagonal Bethe ansatz
method. We remark that further study on the correlation functions would be an interesting
issue.
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